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ABSTRACT 

We  study  the  boundedness  and  asymptotic  properties  of  solutions  as  t  +  m  of 
the  nonlinear  Volterra  equation 

(V)  u(t)  +  ( b* Au ) ( t )  3  f(t)  (0  <  t  <  »)  , 

where  b  :  (0,03)  •  R  is  a  given  kernel,  A  is  a  maximal  monotone  (possibly  multi¬ 
valued)  operator  on  a  real  Hilbert  space  H,  *  is  the  convolution,  and 
f  :  (0,°°)  +  H  is  a  given  function.  The  special  case  A  =  3v'  ,  where 
•f  :  H  •*  is  a  proper,  convex,  l.s.c.  function  is  also  considered.  The 

problem  of  existence  and  uniqueness  of  solutions  has  been  studied  previously.  Two 
principal  types  of  results  are  derived;  sufficient  conditions  are  obtained  on  the 
kernel^  b,  the  operator  A,  and  the  forcing  term  f  such  that  eithej:  (i) 
u  e  L  ( 0  H )  and  u  +  0  as  t  “  strongly  in  H,  or  (ii)  u  e  L  (0,“;H)  and 

u  -*■  u^  as  t  ■*  »  strongly  in  H,  where  u^  is  the  unique  solution  of  an 
appropriate  limiting  equation  associated  with  (V).  The  results  are  established  by 
obtaining  a  priori  estimates  by  combining  energy  methods  with  frequency  domain 
techniques.  The  results  are  natural  generalizations  for  the  abstract  equation  (V) 
of  comparable  known  results  for  the  scalar  equation  in  which  A  is  a  real 
function.  Of  several  applications  discussed  the  principal  one  is  an  analysis  of  the 
asymptotic  behaviour  of  solutions  of  the  physically  interesting  problem  of  heat  flow 
in  a  material  with  memory. 
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SIGNIFICANCE  AND  EXPLANATION 


Consider  nonlinear  heat  flow  in  a  homogeneous  bar  of  unit  length  of  a 
material  with  memory  with  the  ends  of  the  rod  maintained  at  zero  temperature 
and  with  the  history  of  temperature  prescribed  for  time  t  <  0.  For  such 
materials  the  internal  energy  and  heat  flux  are  functionals  (rather  than 
functions)  of  the  temperature  and  of  the  gradient  of  temperature  respectively. 
Application  of  the  law  of  balance  of  heat  leads  to  a  nonlinear  Volterra 
integrodif ferential  equation,  together  with  appropriate  boundary  and  initial 
conditions,  which  model  the  physical  problem.  This  initial  boundary  value 
problem,  which  cannot  be  solved  explicitly  and  which  is  difficult  to  analyse, 
can  be  transformed  by  standard  methods  to  the  general  equation  (V)  given  in 
the  Abstract.  The  resulting  kernel  b  can  be  expressed  in  terms  of  the 
internal  energy  and  heat  flux  relaxation  functions.  These  are  presumed  to  be 
known  for  the  physical  problem.  The  operator  A  in  (V)  is  a  nonlinear 
differential  operator  together  with  boundary  conditions,  and  the  forcing 
term  f  in  (V)  depends  on  the  given  initial  temperature  distribution,  the 
given  external  heat  supply,  and  the  given  history  of  temperature.  ~  ' 

\  fi-  .  • 

" '  ‘  The  purpose  of  this  paper  is  to  develop  a  general  theory  which  gives 
sufficient  conditions  in  terms  of  the  kernel  b,  the  operator  A,  and  the 
forcing  term  f  for  the  solution  u  of  (V)  to  be  bounded  on  0  <  t  <  °°  and  - 

which  further  assures  that  the  solution  u  tends  to  a  limit  u  as  t  -*•  <*>; 

00  _ 

under  certain  conditions  iu  =0,  under  others  u  is  the  unique  solution  of 
an  appropriate  ^limit  equation^  associated  with  (V).  As  one  special  case  of 
this  theory  we  give  a  complete  analysis  of  the  boundedness  and  asymptotic 
properties  of  the  solution  of  the  above  heat  flow  problem,  under  physically 
reasonable  assumptions  concerning  the  relaxation  functions,  the  nonlinear 
operator,  the  initial  temperature  distribution,  and  the  external  heat  supply. 
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ASYMPTOTIC  PROPERTIES  OF  SOLUTIONS  OF  NONLINEAR  ABSTRACT  VOLTERRA  EQUATIONS 


"  *  **  *** 

Ph.  Clement  ,  R.  C.  Mac  Camy  ,  and  J.  A.  Nohel 

1.  Introduction  and  Preliminaries.  The  purpose  of  this  paper  is  to  discuss  the 
boundedness  and  asymptotic  behaviour  as  t  ♦  06  of  solutions  of  the  nonlinear  Volterra 
equation 

(V)  u(t)  +  (b*Au)(t)  *  f(t)  (0  4  t  <  •>  . 

The  setting  for  (V)  is  b  :  (0,°°)  ♦  R  is  a  given  kernel,  A  is  a  (possibly  multivalued) 

maximal  monotone  operator  on  a  real  Hilbert  space  H,  f  :  [0,®)  ♦  H  is  a  given  function, 

t 

and  *  denotes  the  convolution:  (a*g)(t)  -  /  a(t  -  i)g(T)dx.  The  integral  in  (V)  is 

0 

taken  in  the  sense  of  Bochner. 

The  following  general  assumptions  will  be  assumed  throughout: 

<Hb)  b(t)  =  +  B(t),  b(0 )  >  0,  b^  >  0,  B,B’  e  l’iO,")  i 

I H  )  A  maximal  monotone  on  H  ; 

m 

(Hf)  fit)  «  f.*  Fit),  Fe  W^l  [0  ,°°;H ) ) ,  F’  e  l2(0,»;H),  e  H  s 

here  *  =  d/dt,  H  is  a  real  Hilbert  space  with  scalar  product  (•,•)  and  norm  I*  I, 

and  W  denotes  the  usual  Sobolev  space*  The  special  case  of  (Hm): 

f  A  =  3^,  where  the  function  ^  :  H  -►  (-eo,®]  is  convex, 

<V 

(  lower  semicontinuous,  and  proper 

will  also  play  an  important  role  in  the  theory.  For  definitions  and  standard  results 
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concerning  maximal  monotone  operators  and  the  snecial  case  of  a  subdifferential  the  reader 
is  referred  to  Brezis  [3]. 

We  shall  first  comment  briefly  on  the  existence  and  uniqueness  of  solutions  of  (V)  for 
which  boundedness  and  asymptotic  properties  will  be  studied.  A  special  case  of  a  qeneral 

result  of  Crandall  and  Nohel  [5;  Theorem  4]  (see  also  Gripenberg  [7])  is: 

1 

Proposition  1.1.  If  (H,_)  with  P,E’  (  L  (0.®),  (H  ),  { )  with  F*t  l‘  (0.®;H)  are 
- ‘ - - —  -  b  -  loc  m  f  -  loc  - 

satisfied,  and  if  B'  f  BV  [0,®),  f(0)  c  D(A),  then  (V)  has  a  unioue  generalized 
- — — -  loc  -  - *  7  - 

solution  u  €  C<(0,®);  DU))  -  If,  in  addition  F '  f  BV.  ([0,®)?H)  and  f  ( 0  >  <  P(A), 

-  — — — - 1  1  loc  — — 

1  2 

then  u  e  W.  (I0,°°);H)  and  u  is  a  stronq  solution  of  (V)  on  [0,®). 

■ -  loc  .  . *  "  1  — 

In  the  special  case  of  a  subdifferential  Proposition  1.1  can  be  strengthened  to  ( sep 
Crandall  and  Nohel  (5,  Section  4],  also  Londen  [10]): 

Proposition  1.2.  Let  b,f  satisfy  the  assumptions  of  Proposition  1.1  and  let  (H-)  hold . 

If  f(0)e  DU),  then  (V)  has  a  unique  strong  solution  on  (0,®)  such  that 

v't  u'  o  I?  <[0,“);H);  if  f(0)  c  D(v),  then  u’  c  L?  ([0,°>);H). 

1  oc  -  -  2  or 

Remark  1.3.  For  convenience  of  the  reader  we  recall  the  notion  of  generalized  solution 
(see  [5]).  Let  X  >  0  and  let  =  ■-  (I  -  J^),  =  (I  +  XA)  1  be  the  Yosida 

approximation  of  A.  Noting  that  A^  :  H  ♦  H  is  Lipschitz  continuous  (with  Lipschitz 
constant  ~),  a  simple  contraction  mapping  argument  shows  that  the  approximat ing  equation 

<V  ux  +  b*V*  ■  f 

has  a  unique  strong  solution  on  [0,T]  for  every  T  >  0,  under  the  assumptions  of 

Propositions  1.1  or  1.2.  Moreover,  under  these  assumptions  is  also  a  stronq  solution 

of  the  differentiated  approximating  equation 
du 

(VJ)  ~ -  +  h( 0 ) A. u.  +  p*  * A.  u.  =  F',  u(0)  =  f ( 0 )  , 

A  dt  A  A  A  A 

on  [0,T)  for  every  T  >  0.  What  is  established  in  [S]  is  that  lim  u  =  u  in 

X  +  o*  x 

C ( [ 0 , T ] ; H )  exists,  regardless  of  whether  or  not  (V)  has  a  strong  solution,  and  this 
function  u  solves  (V)  in  a  sense  made  precise  in  [5],  For  this  reason  this  function  u 
is  called  a  generalized  solution  of  (V). 

The  theorems  in  Sections  2  and  3  are  valid  for  both  st.rono  and  generalized  solutions 


of  (V);  while  the  proofs  are  carried  out  for  strong  solutions,  they  may  ho  established  for 


generalized  solutions  by  first  obtaining  the  estimates  (independent  of  X  and  t)  from 


the  approximating  equation  (V^ )  and  then  letting  A  +  0  +  . 

There  are  two  approaches  for  obtaining  the  a  priori  estimates  needed  for  our 

results.  The  more  direct  one  is  an  energy  method  in  which  the  estimates  needed  are 

obtained  directly  from  the  equivalent  differentiated  form  of  (V): 

(V)  +  b(0  )  Au  +  B'*Au  }  F '  (0  <  t  <  “)  , 

dt 

u(0)  *=  f(0).  This  method,  discussed  in  Section  3  under  the  essential  assumption  (H  .) 

(A  =  9^),  consists  of  taking  the  scalar  product  of  (V*)  by  any  element  v  e  9v(u)  and 
integrating  over  an  arbitrary  interval  (0,T)  to  obtain  the  estimates  under  suitable 
assumptions  concerning  b,  v,  and  f.  This  technique  is  an  extension  of  a  similar 
approach  which  can  be  used  to  study  evolution  equations  (take  b  =  1  in  (V))  in  the  case 
A  =  9^.  The  crucial  point  is  an  appropriate  condition  on  b  (see  the  frequency  domain 

condition  (F)  in  Lemma  2.2)  and  appropriate  growth  conditions  on  the  function  v  to 
du  2 

deduce  —  c  L  (0,°°;H).  Our  motivation  for  studying  this  approach  is  the  physical  problem 
dt 

of  heat  flow  in  materials  with  memory  to  which  these  results  are  applied  section  4,  and 
where  b^  >  0  in  assumption  (H^) . 

The  approach  in  the  more  general  case  of  A  satisfying  (Hm)  is  different?  there 
appears  to  be  no  direct  way  to  establish  e  L^(0,w;H)  when  A  is  not  a 

subdifferential.  Instead  (V1)  is  transformed  to  a  different  equivalent  form  (equation 
(2.1)  below)  using  the  resolvent  kernel  associated  with  B'.  An  energy  technique 
consisting  of  taking  the  scalar  product  of  the  transformed  equation  by  u  and  by  /t  u 
and  integrating  from  0  to  T,  T  >  0  arbitrary,  is  used  to  deduce  the  estimates  which 

—  co  2 

imply  u,  /t  u  e  L  (0,°°;H)  •'  L  (0,®;H)  under  appropriate  assumptions.  This  method  is 
explored  in  Section  2.  An  example  of  the  equation  (V)  with  A  a  maximal  monotone  operator 
which  is  not  a  subdifferential  and  to  which  the  theory  of  Section  2  can  be  applied,  is  also 
discussed.  Corollaries  2.4,  2.5,  and  Theorem  2.6  may  be  viewed  as  natural  generalizations 
to  Hilbert  space  of  results  of  Levin  [8]  and  Londen  [9]  which  describe  the  limiting 
behaviour  as  t  00  of  solutions  of  (V)  in  the  scalar  case  in  which  the  operator  A  is  a 
real  function. 


-  3  - 


While  not  directly  related  to  the  present  study  it  should  also  be  noted  that 
positivity  of  solutions  of  (V)  and  their  asymptotic  properties,  have  recently  been  stud:*- 
by  different  methods  by  Clement  and  Nohel  [4],  in  the  setting  of  A  an  m-accretive 
operator  on  a  real  Banach  space  X. 


-4- 


2.  Boundedness  and  Asymptotic  Properties  when  A  is  Maximal  Monotone.  Let  the  general 


assumptions  (Hb),  (Hm),  (Hf)  be  satisfied  and  let  u  be  a  solution  of  (V)  on  [n,-).  it 
follows  that  (V)  is  equivalent  to  the  Cauchy  problem 

(V)  -SH  +  b(0)Au  +  B'*Au  a  F'  (0  <  t  <  ~),  u(  0 )  =  f(0)  . 

dt 

Let  k  be  the  resolvent  kernel  associated  with  B',  defined  to  be  the  unique  solution  of 
the  linear  Volterra  equation 

<k)  b(0 )k( t)  +  (B 1 *k ) ( t )  -  -  a-e-  for  0  <  t  <  ~  ; 

b(  0 ) 

by  standard  results  assumption  (H^)  implies  that  k  e  lJoc(0,®). 

Regarding  (V')  as  a  "linear"  equation  for  Au,  the  variation  of  constants  formula  for 
Volterra  equations  [13]  and  an  integration  by  parts  shows  that  (VM  (and  hence  also  (V))  is 
equivalent  to  the  Cauchy  problem 

(2.1)  T“  ^  +  4r  <k*u>  +  Au  3  f .  (0  <  t  <  ”),  u(  0 )  =  f  (0 )  , 

b  ( 0 )  dt  dt  i 

where  :  (0,“)  *►  H  is  the  function  given  by  either 

(2.2)  f,(t)  =  r~  F'(t)  +  f  (0  )k(  t )  +  (k*F')(t)  (0  <  t  <  “) 

or 

(2.3)  f ,  ( t)  -  r^rr  F'(t)  +  k(0)f(t)  +  (k'*f)(t)  (0  <  t  <“)  . 

We  shall  use  an  energy  method  based  on  taking  the  scalar  product  of  (2.1)  by  u,  and 
also  by  /t  u,  and  obtain  a  priori  estimates  by  integrating  over  an  arbitrary  interval 
[0,T].  We  will  first  state  the  general  result  for  (2.1)  and  then  interpret  it  for  (V). 
Theorem  2.1.  Let  u  be  a  strong  or  generalized  solution  of  the  Cauchy  problem  (2.1)  on_ 
(0f*»).  Let  T  >  0  be  given  and  let  there  exist  constants  e,  n  e  R  such  that 


(2.4) 


(2.5) 


(2.6) 

(a)  If 


if_  v  €  Au,  then  /  (v,u)dt  >  c  /  |u|2dt(u  €  D( A) )  , 

0  0 

T  T 

for  every  w  e  L2(0,T;H)  /  (w(t),  rrr  (k*w)(t)dt  >  n  /  |w|2dt  , 

0  0 

e  +  n  >  0  . 

f1  e  L2(0,»;H),  then  u  f  L°°(0,«;H)  n  L2(0,“fH); 
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L  (0,»)  and  »t  f  t-  L‘(0,«;H),  then  >  t  u  t  L  (0,«;H) 


-lent  iv,  I uf  t ) I  =  O.  - 


as  t  ♦  00  and  u(t)  ♦  0  strongly  as  t  ♦ 

remark  that  no  claim  is  made  that  the  rate  fu(t)l  =  0  ~t=  as  t 

v »  t / 


i  s  opt i pa : 


The  ooercivity  assumption  (2.4)  concerning  the  maximal  monotone  operator  A  is 
natural  for  the  problem  in  light  of  comparable  assumptions  in  evolution  ecruations. 
Assumption  (2.5)  and  the  hypotheses  concernina  k,  k'  will  be  iustified  in  lemmas  2.2, 

?. . .> ,  below.  Two  different  classes  of  kernels  b  in  (V)  are  considered,  eacu  of  which  lea 
h  :  the  ene^cy  inequality  (2.5),  the  first  with  n  88  0,  the  second  with  r  >  p,  and  for 
each  jf  which  *  t  k*  c  l\o,°°).  These  lemmas,  together  with  appropriate  assumptions  or.  th 
*'orcmo  function  f  in  (V),  permit  an  easy  interpretation  of  Theorem  2.1  for  solutions  of 
'V).  This  will  be  done  in  Corollaries  2.4  and  2.5  below.  The  proof  of  Lemma  2.2  appears 
in  Appendix  1.  Lemma  2.3  is  an  extension  of  a  result  of  Mac  Camy  [12]  which  in  it«  preser 
form  was  recently  established  by  M.  Tangredi  [18]. 

Lemma  2.2.  (a)  Let  b  satisfy  assumption  (H^)  with  >  0 ,  and  let  b  satisfy  the 

freauenc'’  domain  condition 


(F ) 


there  exists  5  >  0  such  that  b  +  Inf  [-n  Im  B ( i n ) ]  *  5, 

°o  °°  r(f  R 


where  B(in)  =  J  exp( -int ) B( t) dt .  Then  the  resolvent  kernel  k  o£  B'  satisfies 

■  “  . 

k  f  L  (0,®). 

2  2  1 
(b)  If  also  B*  €  L  (O,00),  then  k  €  L  (0,«);  if  also  B"  C  L  (O,00),  then 

V  *  i  L1 (0 ,») . 

•)  If  the  assumptions  n*  (a)  are  satisfied,  B"  €  L%0,°°),  and  B  is  a  kernel  of 

2 

posit  type  on  [  0 , 00 ) ,  then  for  every  T  >  0  and  for  every  w  e  L  ( 0 ,  T ) 


/  w( t )  (k*w) ( t) dt  >  0  . 

0 


If  the  assumptions  of  (a)  and  (b)  are  satisfied,  and  /t  B'  e  L  (O,00)  "  L^(0,®)( 

1  —i2  —  i 

•  I.  (r,,'°),  then  tt  V  f  L  (0,03)  °  L  (0,°°),  and  /t  k'  f  I.  (0,°°). 


0, 


and  let 


00 

-niTnB(in)  =  n  /  sinnt  B(t)dt  (n  e  R)  . 

o 

Thus  if  bw  >  0  is  any  constant,  b(t)  =  +  B(t)  satisfies  the  frequency  domain 

condition  ( F )  with  6  =  b^,  and  (see  Lemma  2.2(a))  k  e  lNo,®),  If,  in  addition,  P 
satisfies  the  remaining  smoothness  and  integrability  assumptions  of  Lemma  2.2,  all 
conclusions  of  Lemma  2.2,  and  assumptions  (2.5)  with  n  =  0,  and  /t  k'  e  l\o,*)  of 
Theorem  2.1  are  satisfied. 

Consider  again  B  in  (2.7).  In  addition,  assume  that 
(2.8)  the  measure  dB'  has  a  nonzero  absolutely  continuous  part; 
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then  (see  [14,  Corollary  2.2]),  B  is  strongly  positive  on  [0,“)  (for  exar-r  If  . 

B  f  c(0,“),  (-1)kB(k,(t)  >0,  0  <  t  <  ”,  k  =  0,1,2,  B'(t)  2  0).  Thus  if  9  sat.--'e 
(2.7),  (2.8),  the  integr ability  and  smoothness  assumptions  of  Lemma  2.3,  and  i- 
b(t)  H  B(t)  (b^  =  0),  then  all  conclusions  of  Lemma  2.3,  assumptions  (2.5)  with 
and  /t  k'  f  L^O,")  of  Theorem  2.1  are  satisfied. 

Next#  consider 


m  -X  .t 

(2.9)  B(t)  =  l  E.e  3  cos  at  ( B  >  0,  X4  >  0,  *  <■  R! 

j=1  3  3  3 

with  strict  inequalities  holding  for  at  least  one  j  (if  w.  *  0,  j  *  S 

satisfies  both  (2.7),  (2.8)).  This  function  B  is  strongly  positive  on  [0,«>  < 

[14)),  since  by  direct  calculation 


Re  B(in) 


i-1 


B  .X  . 
J  J 


y 

3 


(n 


w . ) 
J 


X2 

3 


_1 _ i 

(n  +  a  .  )2 
3 


(n  e  R)  . 


Moreover,  B  satisfies  all  other  assumptions  of  Lemma  2.3.  Thus  if  b(t)  =  B(t! 
(b^  =  0),  all  conclusions  of  Lemma  2.3,  assumptions  (2.5)  with  h  >  0  and 
/t  k'  e  L  (0,“)  of  Theorem  2.1  are  satisfied. 

For  the  kernel  B  in  <2.°)  one  has 


-Him 

Thus  b(t)  «  b^  +  B ( t ) , 

condition  (F)  of  Lemma 

positive  type  on  [0,") 

X.  Xu).  (1=  1,...,m), 
3  3 

( 2 . 5 )  with  n  =  n  and 


B(  in )  =  l  B. 


2,  2  ,2  2 

n  (n  +  X  .  -  tu . ) 

_ J _ 3 _ 

,L.  "j  ,,2  2  2  2  ,,2  2 

1=1  J  (X .  +  w.  -  n  )  +4X,n 


(n  f  R)  . 


where  h^  >  0  is  any  constant,  satisfies  the  freouency  do.-ai' 
2.2  if  X  ,  X  u>_,  ( j  =  1,...,m).  Evidently,  b  is  a  kernel  of 
.  Therefore,  if  bit)  =  b^  +  B(t),  b^  >  0 ,  B  defined  by  l  -  •  ‘  w: 
all  conclusions  of  Lemma  2.2  (but  not  of  Lemma  2.3),  assn—' >f  i  ■- 
n't  k1  (  L^lh,”)  of  Theorem  2.1  are  satisfied. 


'  i 


Incidentally#  if  b  >  0  is  any  constant,  and  if 


m  -X  t 

B(t)  «  Be  ^  sin  u) .  t  (X.  >  0,  co.  >  0) 

i=1  3  33  3 


with  strict  inequalities  holding  for  at  least  one  j,  then  the  freouency  domain  rorUt:*'" 
(F)  of  Lemma  2.2  is  satisfied  with  <5  -  b  .  However,  such  a  kernel  b  is  not  of  positive 


Lemmas  2.2  combined  with  appropriate  assumptions  on  A  and  f  yield  the  following 
easy  interpretation  of  Theorem  2.1  for  solutions  of  (V). 

Corollary  2.4.  Let  assumptions  (Hfe)  with  >  0,  (Hm)  and  (Hf)  with  arbitrary  be 

satisfied.  in  addition,  assume  that  b  satisfies  the  hypotheses  of  Lemma  2.2,  and  that 
-  2 

*t  F  t  L  <  0  ,  ®  ?  H  ) .  Let  u  be  a  strong  or  generalized  solution  of  ( V )  _on  (  0 , 00 )  .  I  f  the 

—  00  2 

-oercivity  assumption  (2.4)  holds  with  e  >  0,  then  u  and  /t  u  f  L  (0,“;H)  L  (0,®;H) 
and  u(t)  ■*  0  strongly  as  t  +  ®. 

1  2 

Indeed,  define  f1  by  (2.2).  By  (H^.)  and  Lemma  2.2  (k  e  L  (0,®  )  ^  L  (0,®), 

1  2 

k’  t  L  (0,®))  one  trivially  has  f  e  L  (0,~;H).  By  Lemma  2.2  one  also  has 
-  1  2  —  1 

k  f  L  (0,®)  ^  L  (0,®)  and  /t  k*  e  L  (0,®).  These  toqether  with  the  assumption 
f—  2  —  2 

>  t  F’  <  L  <0,“;H)  used  in  (2.2)  show  that  /t  f  «  L  (0,“;H);  the  fact  that 
-2 

»t  (k*F  )  f  L  (0,“;H)  in  (2.2)  follows  from  the  straightforward  estimate 


1/  k(t  -  s)F ' ( s)ds | 2dt  4  21kl2  [ 

0  1/(0,“) 


L  (0 ,“;H ) 


+  2tl/t  k  (I2  1  HF’  l2  (VT  >  0)  . 

L  (0,“)  L  (  0 H ) 


By  lemma  2.2  aaain,  (2.5)  holds  with  n  =  0.  Thus  if  i  >  0  in  (2.4),  the  result  of 
Corollary  2.4  follows  by  applvina  Theorem  2.1. 

Lemma  2.3  combined  with  appropriate  assumptions  on  f  and  f  yield  a  different 


interpretation  of  Theorem  2.1  for  solutions  of  (V>. 


—  Q  — 


V  r  ■  1 1  ar y 

r.  Let  assumptions  (Hu) 

with  b  =  0, 

(Hp)  and 

UV 

)  with  =  *2 

be 

ia  t  i  s  f  ;  ed 

In  addition,  assume  that 

b(t)  =  B  ( t ) 

satisfies 

tKe 

assumptions  of 

Lemma 

—  2 

and  that  f  .  F  a  1  go  ^af 1 sf i er  f ,  ft  f  ,  ft  f  *  f  L  ~  (  0  , « ;  H  )  .  Let  u  be  a  ^*rnna 
uenora  \  ize  d  solution  of  (V)  or.  [0,*>).  T*  the  operator  A  satisfies  coercivity 


assunpf  i on  (2.4)  with  t  *•  0  (or  even  t  >  -»■,  where  n  >  h  is  the  constant  n  I.erma 
—  ®  2 

2.3d),  then  u  and  ft  u  t  L  (0,»;H)  I.  (n,°°;H),  a n d  u ( t. )  ♦  n  strong? y  as  *■  ♦  «. 

The  proof  of  Corollary  2.*i  is  similar  to  that  of  Corollary  2.4,  except  that  r  ^  mus* 
now  be  defined  by  (2.3),  and  Lemma  2.3  is  used  in  place  of  Lemma  2.2.  Not**  also  that  th*- 
additinnal  assumptions  concernina  f,  /t  f  are  essential. 

The  important  case  h^  =  0  in  (H.  )  ,  b  ;  P  satisfying  the  assumptions  of  Terr  i  .  , 

an  4  * ^  '0  in  (H^l  is  not  covered  by  Corollary  2.^.  In  this  situation  Theorem  2.1 

be  modified  Cue  following  manner. 

Theorem  2 .  the  assumptions  (H^)  ( b^  =  0),  (H^),  \H^)  with  f  arbitrary,  r  ;  the 

arsur.pt  ions  of  I.  ‘  mru  2 . 3  be  satisfied.  In  addition,  assume  that  F ,  ft  K , 
ft  f*  «  L^(0,®;Hi.  Let  u  be  a  strong  or  generalized  solution  of  (V)  or  fh,»),  \  ct 

u^  be  the  unique  solution  of  t ho  limit  equation  correspond i ng  to  (V): 

to 

(V,  >  u  +  (  .  P(  t ) dt )  Au  >  f  . 

1.  CO  '  03  oo 

0 

I  ft-  the  operator  A  satisfy  the  coercivity  condition: 

if  v  c  Au  and  v  c  Au  and  T  >  0 ,  then 
T  T  ^ 

.  .  1  i)  *  j  (v(t)  -  va,  u(t)  -  u^ldt  >  e  j  !u(t)  -  u^l  “dt 

0  0 

for  some  e  >  (e  >  -n  is  sufficient;  see  Lemma  2.3d)  . 

«  2 

;  hen  and  ft  (u  -  u^)  f  L  (0,°®;H)  L  (0,°°;H);  consennent.lv  u(t)  -*■  u^  st  ror.gl  y 

il_  h  *  «  and  Tuft)  -  uj  =  t  00 . 

•  a r>  2. 2 .  dner  b  2  P  satisfies  the  hypothesis  of  Lemma  2.3, 

00 

<  and  therefore  t  P(t)df  >  n .  Fince  the  operator  A  is 

0 


F  is  strorilv  positive  or. 
maxi  mu'”  monotone  o~  ?»  t‘o 


-  1  - 


H;  in  particular, 


lir.it  *"iuat  inn  (V,  )  has  a  uniaiie  solution  *•':  a-  v  *"  «  H;  1  n  particular,  if 

L  * 

-  0,  u^  -  r'  and  in  this  case  Then*.  t*r  !,■  :  »■  iuajs  t.  Cor-  II  c  v  2 .  r- . 

Corollaries  2.4,  2.5  and  Theorer  2 .  ^  ,-.-ueT  fnrr  tKe  natural  'loner  a  1 1  zat  lcr.  to 

Hilbe;*-  space  of  correspond!  na  scalar  resu.'.s  f.  r  (V)  due  t<«  Levir  ‘  h  ‘  i-  i  T.crder  '  ^  , 

Proof  of  Theorer-  2.1.  fa'  Take  t*-o  scalar  iro  iu-'t  of  f  2  •  1  '  ,  em*.  v  a  *  •  *■  *  ~ 

1  iu  ;.i 

(  2 .  1  2  )  - -  —  ( v  *  u  l  ♦  v  -  f  Iv  i  Au  '  , 

Y I 0 )  It  it  1 

with  u  ar.  1  irteurat  *■  fror  P  to  T.  We  obtain  us;r. :?  12.4),  f  2 .  5  '  , 


*<■*>:'  i  .  |  f  ( 0  ) !  ‘  *  (  f .( 1 1  ,u'r  n  it 

2  b  ( 0  )  ^  1 


•  l  one  obtains  by  standard  estimates 


?a*t-  t*-e  i".n**r  product  of  (2.12)  with  tu  and  integrate  from  0  to  T. 
»iu 

I  #  f  t ( t .)  ,  —  ( t )  )  dt  by  parts  and  using  assumption  (2.4)  we  obtain 

n 

T  T 

Jp.-  Iu(t)|2  +  /  t(u(t),  ^7  (V*u)(t))dt  +  e  i  tlu<t)|2dt 


J _  r  i  2 


/  lu< t) |  dt  +  /  <tf  <t) ,u(t) )dt 


/  t ( u( t )  ,  ( k*u) ( t ) ) dt  =  J  k(0 )t |u( t) |2dt  +  /  (t  u( t ) , ( k ' *u ) ( t ) ) dt 

0  0  0 

T  T 

=  /  k(0)t[u(t)|  dt  +  /  (/t  u(t),(k'*/t  u)(t))dt 

0  0 


+  j  (/t  u(t),  j  k'(t  -  T)(/t  -  /t ) u ( T ) dT ) dt 
0  0 


*  J  (/t  u ( t ) ,  —  (k*/t  u ) ( t ) ) dt 
0 


+  j  (/t  u(t),  J  k'(t  -  T)(/t  -  /t  )  u  ( T  )  dT  )  dt  =  I  +  J  . 
0  0 
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manner . 


This  completes  the  proof 


Proof  of  Theorem  2.6.  The  proof  will  be  reduced  to  that  of  Theoren  2.1  by  the 

following  steps.  First  by  Lemma  2.3  /  B(t)dt  =  >  0.  Therefore,  the  limit  eguatior 

0 

(V- )  can  be  written  in  the  form 

k  u  +  Au  3  k  f  , 

00  CD  00  CO  0D 

which  is  the  same  as 

(2.15)  -  ]  -  u  +  (k*u  )  +  Au  3  k  f  +  (k(t)  -  k  )u 

b(  0  )  dt  00  dt  00  eoooco  oooo 

Next,  subtracting  (2.15)  from  (2.1)  gives 

(2.16)  rrrr  tz  -  u  )  +  k*(u  -  u  »  +  au  -  au_  ?  F,(t)  (o  <  t  <  ®)  , 

b(0)  dt  00  dt  00  00  1 

where  by  an  elementary  calculation 

(2.17)  F  ( t )  =  rr—  F  *  ( t )  +  k  ( 0  )F(  t )  +  K  ( t )  f  +  (k'*F)(t)  -  u  K(t)  . 

Lemma  2.3  and  the  assumptions  concerning  F  clearly  imply  that  F1  satisfies  the  same 
assumptions  as  f.  in  Theorem  2.1,  The  method  of  proof  of  Theorem  2.1  applied  to  (2.16), 

(2.17) ,  where  the  coercivity  assumption  (2.11)  is  used  in  place  of  (2.4),  now  yields  the 
needed  a  priori  estimates  for  u  -  uw  and  /t  (u  -  u^) ,  and  completes  the  proof. 

Example  2.8.  We  give  an  example  of  a  maximum  monotone  operator  A  in  (V)  which  is  not  a 
subdifferential,  and  for  which  the  theory  developed  in  this  section  is  applicable.  Let 

ft  ^  be  a  bounded  open  set  with  smooth  boundary  3ft.  Let  H  be  the  Gilbert  space 
2 

L  (ft).  Let  6  be  a  maximum  monotone  graph  with  0  e  6(0)  and  with  primitive  j  (i.e. 

6  =  3j).  Let  A1  be  the  operator  defined  by 

D  ( A  ^ )  =  {u  :  u  e  r,  h2(  Q)  ,  B(u)  f  l2<r.)}  , 

A^u  =  -Au  +  B(u)  (u  e  D( A^ ) )  . 

It  is  clear  that  A1  is  maximum  monotone  on  H  since  A^  =  3^  ,  where  v ^  :  H  (-«,»’ 
is  the  proper,  convex,  l.s.c.  function  given  by 

j  f  |Vu|2dx  +  /  j(u)dx  if  u  e  H^tft)  and  j(u)  e  L 1 ( ft ) 
v^U)  *  ft  ft 

I  otherwise  . 
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Thus  A  satisfies  the  roercivity  assumption  (2.4)  for  every  T  >  0. 
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Boundedness  aryl  Asymptotic  Properties  When 


3  . 


A  =  .  Let  the  general  assumptions  (H.  ) # 


(H.)#  (H*)  bt-  satisfied  and  let  u  he  a  stronu  or  generalized  solution  of  (V)  on  [0,°°). 
Ir  this  section  we  shall  obtain  different  boundedness  and  asymptotic  results  for  the  case 
A  “  3**,  and  when  b^  >0  in  (H^) .  These  results#  motivated  by  the  physical  problem 
discussed  in  Section  4,  are  deduced  from  a  priori  estimates  which  are  obtained  directly 


from  the  w-uui valent  Cauchy  problem, 
du 


( V '  ) 


b  ( 0  )  Au 


Au  3  P ' 


(0  <  t  <  ») ,  u ( 0 )  =  f ( 0 )  . 


Theorem  3.1.  Let  the  general  assumptions  C  )  with  >  0#  { H^. )  #  (H^)  be  satisfied  and 

lot  u  be  a  strong  or  generalized  solution  of  (V)  on  (O,00).  If  the  kernel  b  sat isf ies 
the  frequency  domain  condition  ( F )  of  Lemma  2.2  and  if 

n.D 

then 
(3.2) 

if  V  (  X'  ( u) ,  then 


Inf  v  ( z )  >  -00  , 
Z€H 


Sup  ;(u(tU  < 


(3.3) 

(3.4) 
and 

(3.5) 


V  €  l  (0  #°°?H )  # 

du  2 

€  L  ( 0  , H  )  # 


u  is  strongly  uniformly  continuous  on  (0#<») 


If  also  lim  y(u)  =  +00#  then 
|  u  |  +co 

(3. A) 
and 
(3.7) 


Sup  |u( t) |  <  w  # 


lim  v  ( u  ( t ) )  =  =  Inf  >£(z)  exists  . 

z€  H 


Moreover#  if  the  inclusion  3  ( w )  3  0  implies  w  =  0  #  then 

(3.P)  u(t)  - *  0  (weakly)  as  t  *  00  . 

7h»-  freouency  domain  condition  (F)  is  satisfied  by  several  classes  of  kernels  h  with 
b^  >  n  as  was  seen  in  Section  2  (see  examples  of  b  =  +  B  with  B  given  by  (2.7)# 

f  2 .  r4 )  ,  (2.10)).  Thus  Theorem  3.1  generalizes  a  recent  result  of  S.  O.  Londen  (10, 

Corollary  2!  and  a  result  of  V.  Parbu  [1,  Theorem  2). 


The  assumptions  concerning  v  in  Theorem  3.1  are  not  sufficient  to  obtain  str-n: 
convergence  of  u(t)  to  zero  as  t  +  °°.  For  this  result  one  needs  the  coercivity 
condition  (2.4)  with  c  >  0.  If  (2.4)  is  satisfied  with  ve  3;(u)  it  is  a  standard 
result  (see  Brezis  [3])  that  the  inclusion  3v'(w)  3  0  has  w  =  0  as  the  only  solution, 
and  that  0  e  D(3v).  Then  the  definition  of  the  subdifferential  [3]  implies  that 

;(u)  >  >  (0)  (u  e  H)  , 

and  therefore  assumption  (3.1)  of  Theorem  3.1  holds.  This  motivates  the  following  result 
which  complement  Corollary  2.4  for  the  case  A  =  3>r .  Note  that  in  Theorem  3.2  below  only 
the  frequency  domain  condition  (F),  but  not  the  assumption  that  B  is  a  kernel  of  positive 
type  (see  Lemma  2.2) ,  is  needed.  Also  note  that  here  the  assumption  on  F  is  less 
restrictive. 

Theorem  3.2.  Let  the  general  assumptions  (H^)  with  >  0,  (H^),  (Hf)  be  satisfied ,  a-  ’ 

let  u  be  a  strong  or  generalized  solution  of  (V)  on.  [O,00).  Let  b  satisfy  the 
frequency  domain  condition  (F),  and  for  v  e  3^(u)  let  the  coercivity  condition  (2.4)  with 

e  >  0  be  satisfied.  Then  conclusions  (3.2)— (3-5)  of  Theorem  3.1  hold,  and 
2 

u  e  L  ( 0 , 00 ; H  )  ,  which  implies  that  u ( t )  ♦  0  strongly  as  t  ♦  00 . 

Remark  3.3.  If  b(t)  =  b^  >  0  in  (V),  a  case  not  excluded  in  Theorems  3.1  and  3.2,  th^ 

above  theorem  and  its  proof  yield  a  simple  boundedness  and  asymptotic  behaviour  result  for 
the  evolution  equation 

du  . 

—  +  b^v'Oi)  9  g,  u(0)  =  uQ  , 

where  g  -  F';  compare  Brezis  [3,  Theorem  3.11)  where  g  f  L  (0,°°;H). 

Remark  3.4.  If  the  coercivity  condition  (2.4)  with  e  >  0  and  A  =  3;  is  replaced  by  the 

more  general  condition:  for  every  T  >  0  there  exists  c  >  0  such  that 

T  T  ^ 

(2.4*)  if  v  ey(u),  then  /  (v(t),u(t)  -  z)dt  >  J  |u(t)  -  z|"dt 

0  0 

for  some  z  6  H,  then  it  is  easy  to  show  that  the  inclusion  3v(w)  3  0  has  w  =  z  a??  *1'-' 
only  solution,  and  that 
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>(U)  >  v(z)  (U  f  H)  . 

Then  the  method  of  proof  of  Theorem  3.2  easily  yields  that  u(t)  ♦  z  strongly  as  t  *  *» 
Remark  3.5.  In  Theorem  3.1  and  3.2  the  assumption  bw  >  0  in  (H^)  is  crucial;  if  -  0 

the  frequency  domain  condition  (F)  cannot  be  satisfied  (see  examples  (2.7),  (2.9),  (2.10)) 
for  any  6  >  0.  On  the  other  hand,  in  these  theorems  fw  in  (Hf)  is  arbitrary  and  the 
case  *  0  is  not  ruled  out,  provided  >  0.  If  b^  ■=  0  in  (H^),  one  can,  of  course, 

still  ap;>ly  Corollary  2.5  if  fw  *  0,  and  Theorem  2.6  if  f^  *  0,  with  A  =  3%  . 

Proof  of  Theorem  3.1.  (a)  Let  0  <  T  <  «  be  arbitrary;  take  the  scalar  product  of 
(V)  with  v  €  9v(u)  and  integrate  ove''  (0,T).  Using  ^  v(u(t))  =  (v(t),  (t))  a.e. 

(see  Brezis  [3])  one  obtains 

T  T 

( 3 . °  )  v ( u ( T ) )  +  b( 0 )  /  | v ( t ) |  dt  +  0  ,  [v;T]  =  /  ( F • ( t ) , v( t ) ) dt  +  *(f(0))  , 

0  0 


where 


T 

Q  , [vjTl  =  /  (v(t) )rtt  . 

B  0 


We  next  apply  a  frequency  domain  method  (see  Nohel  and  R’.iea  (14))  to  Qg  •  •  Define 
v^ft)  -  v(t)x(0,T]  and  its  Fourier  transform 


v  (n)  *  I  e  intv  (t)dt 

rp  J  rp 


Fxtend  B* 

calculation 

theorems: 


evenly  to  (-®,0)  by  B’(-'t) 
use  is  made  of  the  hypothesis 


*  B 1 ( t )  (0  4  t  <  •).  In  the  followina 
B’  €  (0 ,°°) ,  the  Parseval  and  convolution 
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T  1  T  T 

Q  , [  V ;  T]  =  '  ( v(t) ,B'*v(t))dt  *  -  i  ( V { t ) ,  I  B'(t  -  T)v(T)dT)dt 

B  0  2  0  b 

oo  co  oo 

*  f  {v  (t),  I  P'(t  -  t)v  {  t  )  dT  )  dt  =  1  I V  (n)|"  B'(n)dn  . 

2  “  T  ;  T  4tt  •  T 


Since  B'  is  even,  B'(r»)  =  2He  B'(in)  (n  f  R) , #  where  •  denotes  the  Laplace 
transform.  The  assumptions  B,B'  e  l\o,")  and  the  familiar  formula 
P'(in)  =  in  B(  in)  “  B(0)  yield  Re  B'(in)  =  -nlm  B(in)  -  B(0).  Therefor#3, 


Q  , [v;T]  =  —■  /  |vT(n) I  2 [-nlm  B(in)  -  B(0)]dn  . 


T  oo 

2  i  ,  “*  2 

Substituting  this  result  into  (3.9)  and  using  /  |v(t)|  dt  =  —  J  I  v  ( r* )  |  dn ,  as  well  as 

o  71  -® 

b(0)  -  B ( 0 )  =  b^,  the  frequency  domain  condition  (F),  and  Parseval's  theorem  again, 
yields 


T  T 

(3.10)  v'(u(T))  +  6  /  I  v(  t )  \  dt  <  k(f(0))|  +  /  |  ( F  *  ( t )  ,  v(  t )  )  |  dt  (0  <  T  <  «)  . 

0  0 


2 

The  assumption  F '  €  l  (0,°°),  Cauchy-Schwartz  and  an  elementary  inequality  aive  the 
estimate 


(3.11)  y-(u(T))+|,f  |v(t)|2dt  <  lv(f{0))|  +  “r  f  |F’(x.)|2dt<”  (0  <  T  <  »)  . 

2  0  26  0 

Assumption  (3.1)  used  in  (3.11)  yields  conclusions  (3.2),  (3.3)  and  (3.6). 

Returning  to  (V')  and  usinq  B '  e  L^O,®),  v  e  L2(0,®;H),  F'  f  L2(0,®;H)  gives 

conclusion  (3.4).  Combining  (3.3),  (3.4)  with  4~^(u(t))  =  (v(t),  (t))  yields 

dt  dt 

——  v  ( u(  t ) )  «  L^O,®),  and  this  together  with  assumption  (3.1)  implies  that  lim  sf(u(t)) 
dt 

t-^oo 

exists.  To  establish  all  of  (3.7)  we  use  the  definition  of  subdifferential:  for  every 
v  €  9*'(u)  and  for  every  w  f  H  c(u(t))  <  v  (w)  ♦  (v(t),u(t)  -  w)  ,  0  <  t  <  «.  Since 


such  that 
To  prove 

lu(t)  -  U  {  T  )  |  S  |~  (s)l(is  *  /t  -  T  I—  (p)|2r’5'1/‘ 

T  dt  0  dt 

<  Kvt  -  7  ( 0  4  T  <  t  <  “  )  . 

This  completes  the  proof  of  Theorem  3.1* 

Proof  of  Theorem  1.2.  As  remarked  in  the  paraqraph  oreredinn  Theorem  3.?  the 

coercivity  condition  (2.4)  implies  that 

Inf  v'(z)  >  .*(0)  >  -«  , 

Z(  H 


u  t  L  ( T  ,  ;  H )  ar.d  v  i  I.^tO^jH)  there  exists  a  sequence  { t  }  ♦  00  as  n  ♦  0 

n 

( vt  t  )  ,  u(  t  )  -  w )  ♦  n  as  n  this  proves  (3.7),  and  from  it  easily  (3.«^. 


(3.5)  take  T  <  t  and  use  (3.4)  and  Cauchy-Schwartz  ohtainina; 


so  that  assumption  (3.1)  is  satisfied.  Thus  conclusions  (3.2)-(3.5)  follow  immediately 

from  Theorem  3.1.  In  view  of  (3.5)  the  conclusion  u(t)  ♦  0  stronqly  as  t  ♦  «  follows 

2 

once  it  is  shown  that  u  t  L  (0,°°;H).  Put  usimj  assumption  (2.4)  with.  r.  >  0  and 
2 

v  <  L  ( 0 , 00 ; H )  for  v  i  3v(u)  ( proved  in  (3.3))  one  has 

T  ^  T  T  T 

C  '  |u(t)|  dt  4  J  ( v( t ) ,  u( t ) ) dt  <  {j-  1 uf t ) |2dt  ♦  —  ,  I v( t ) ) ' dt  . 

0  0  -  0  n 


Thus 


T  *» 

|  '  lu(t)|-<it  <•  ^  J  Ivltlfrit  <  «  (T  <  T  <  -I  . 
n  n 

Since  l  >  0,  this  completes  the  proof  of  Theorem  3.7. 

We  close  this  section  by  aivino  two  tvrical  examrler  of  operator*-  *  '■  uiriru  ir 

heat  flow,  and  satisfyina  the  assumptions  of  the  theory  level  red  iter*  T*-e  first  if  i  r 
one  spaoe  dimension,  the  second  i  r.  several  space  lirensi?  r.r  • 


Example  3.6.  Let  H  =  L2(0,1)  be  the  real  Hilbert  space  of  square  ir.tearable  fun 
on  (0,1).  Let  o  :  R  *  R  satisfy  the  assumptions 


(0) 


o  e  C  (R),  o(0)  =  0,  cr*(t)  >  P0  >  0  (?  e  R) 


for  some  pQ  >  0 .  Define  W  :  R  •»  R  by 


h0  2 

W(r)  =  '  0U)dZ  (>  —  r  )  !r  e  R)  , 
0 


and  define  v  :  H  (-»,+«]  by 


v (y)  =  ^  0 
|  +00 


/  (X) jdx  if  y  f  h’(0. 


1  ) 


otherwise  . 


Then  it  is  readily  verified  that  v  is  convex,  l.s.c.  and  proper  on  H,  and 

Ay  =  3 v( y )  =  -  -7-  with 

dx  vdx' 

DOv')  =  (y  e  h’(0,1>  :  ^  a(^)  e  I.2(0,1)|  . 

Let  y  f  (0,1);  then  from  the  definition  of  y  and  the  Poincare  inequality  one  has 

v'(y)  >  (x)|2dx  >  -2-  it2  f  |y(x)|2dx  >  0  . 

2  0  0 

Thus  satisifes  assumptions  (3.1)  and  lim  >T(y)  =  00  of  Theorem  3.1.  Moreover 

lyl*® 

(y,3.'(y))  -  -  /  y  ( x)  ^  o(^  ( x)  )dx  , 


and  an  integration  by  parts,  y  f  Hq(0,1)  and  the  Poincare  inequality  give 


(y,3y(y))  *  l  tx)0^dx  (x,)dx  *  PQ  /  (x) |2dx  >  pQ7T2  j  ly(x)l2dx  . 


Thus  Ay  =*  3y(y)  satisfies  the  coercivity  assumption  (2.4)  for  every  0  <  T  <  00  with 
2 

e  *  pQ*  >  0.  Therefore,  this  operator  A  satisfies  the  assumptions  of  Theorems  3.1  ar 


3.2. 
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( for  heat  flow  n  =  2  or  3) 


wit  r. 


Example  3.7.  Let  ft  be  a  bounded  domain  in 
smooth  boundary  I*.  Let  A  :  R  R  be  a  given 


I  X ( 0 )  >  0,  there  exists  pQ  >  0 
1  CA'<?)  +  X(5)  >  p0  (UK). 


smooth  function  satisfying  the  assumption 
such  that  A(£)  >  pQ  and 


Define  A  :  R 


by 


r  pn  g 

A(r)  -  /  CX(?)dC  (>  r2  r  )  (r  £  R)  • 

0 

2 

Let  H  =  L  (ft)  and  define 

(  /  A(  !Vu|)dx  if  u  f  h’(S5) 

^  < u)  =  fi 

!  +0°  otherwise  . 

Then  it  is  readily  verified  that  y  :  H  is  convex,  l.s.c.,  and  proper  on  H  and 

Au  =  9v'(u)  =  -V •  ( X (  | VU  1  )Vu) 

with 

DOv'l  =  {u  £  h’(S1)  :  V.(X(  |Vu|  )Vu)  €  L2  (IJ )  }  . 

Clearly  y(u)  >0  (u  €  H)  and  by  the  Poincare  ineouality  n^(u)  *►  00  as  !u|  °°; 

thus  *■'  satisfies  assumptions  Theorem  3.1.  Using  integration  by  parts  and  the  Poincare 
ineouality  one  also  has 

<Au,u)  >  X'Po  I  u  I  H  ' 

where  k  >  0  is  the  constant  in  the  Poincare  inequality.  Thus  Au  =  3v(u)  also  satisfies 
the  coercivity  assumption  (2.4)  in  Theorem  3.2  with  e  =  kpQ  >  0. 


4.  Nonlinear  Heat  Flow  in  a  Material  with  Memory.  Consider  nor. linear  Neat  flow  in  a 
homooeneous  bar  of  unit  lenath  of  material  with  memory  with  the  terrerature  u  =  uft,x' 
maintained  at  zero  at  x  ■=  0  and  x  =  1.  We  shall  assume  t^at  t-V'e  Mrtor’*  e  is 

prescribed  for  t  <  0  and  0  <  x  <  1.  The  equation  satisfied  1-  ir  sucv'  a  material  : 

derived  from  the  assuptions  that  the  interval  enerqy  t  and  the  ^eat  flux  •  are 
functionals  (rather  than  functions)  of  u  and  of  the  oradient  of  i:  respect l velv . 
fcmrdira  to  the  tbeorv  developed  bv  Coleman,  Curtin,  Knoll,  PjpVin,  var  '"rv  ar'J  Nurmi  **■<• 
I  see  e.u.  Vac  Camv  (11],  [12]  and  Nunziato  [15] )  for  heat  flow  m  materials  of  fadiru 

rerorv  type  the  functionals  c  and  n  are  taken  respectively  as: 

t 

'4.1)  C(t,x)  =  b0u(t,x)  +  P  ( t  -  s)u(  s,x)ds  (t  ",  "  <  y  <  1)  , 

o 


(4.2)  o(t,x)  =  ~c  o  ( u  ( t ,  x )  )  +  <  y(t  -  s)o(u  (s,x))1s  ft  r  <  x  <  1)  . 

0  x  '  x 

n 

In  writinq  the  functionals  c  and  a  we  have  assumed  without  b'ss  of  generality  that  the 
history  of  the  temperature  u  is  prescribed  as  zero  for  t  <  f1  fif  this  is  not  the  case 
and  if  the  history  of  u  is  sufficiently  smooth  for  t  <  0  and  ^  <  x  <  1,  this  has  the 
effect  of  alterina  the  forcina  term  h  in  equation  (4.3)  below  -  and  consequently  also 
0  in  (4.5)  below  -  by  additional  known  forcina  terms).  In  (4.1),  (4.2)  b^  >  0 ,  >  0 

are  aiven  constants,  £  ,Y  :  [0,®)  ■*  R  are  qiven  sufficiently  smooth  functions  (called  the 

internal  enerqy  and  heat  flux  relaxation  functions  respectively).  In  the  physical 
literature  £,  Y  are  usually  assumed  to  be  decayinq  exponentials  with  positive 
coefficients.  As  we  shall  see  the  theory  developed  here  permits  a  much  qreater  oenerality 
and  we  shall  reauire  for  physical  reasons  that  £ ( 0 )  >  0,  y(0)  >  0,  that  £  and 
Y  L  (0  ,°° ) ,  that 

t  t 

b  ♦  l  f  ( T  )  di  >  0  f  cn  -  ,  Y(t)dT  >  0  (0  <  t.  <  “)  , 

n  n 
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e  conditions 


a y  wf- II  a  p  r :  h a t  t V 
( PW  j  h  +  Fe  cl  i'  )  >  '  ( '■  t  F )  , 


{  •  )  r  ■  (  'ffTldT  >  0  i 

0 

qd 

where  t(i*  )  =  ^  3  ( t )  exp( -int )  dt ,  are  satisfied.  The  above  assumptions  will  be  motivate  1 

0 

presently.  Remark  4.10  below  shows  that  the  physically  reasonable  assumptions 
t  t 

h-^  +  J  i3(i)clt  >  0  and  c  -  j  r(T)di  >  D  (0  s  t  <  °°)  are  not  essential  for  the  theory 
0  0 

developed  here  to  apply.  The  real  function  o  :  R  ♦  R  in  (4.2)  will  be  assumed  to  satisfy 

the  assumptions  (o)  of  Example  3.6.  It  should  be  noted  that  the  case  o(r)  r:  r  qives  rise 

to  the  linear  model  derived  in  Kunziato  [15],  and  that  (4.2)  is  one  reasonable 

aeneral izat ion  of  the  heat  flux  for  nonlinear  heat  flow  in  one  space  dimension. 

1  2 

If  h  =  h(t,x)  t  L ^^(0  ,®;L  (0,1))  represents  the  external  heat  supply  added  to  the 
rod  for  t  >  0  and  0  <  x  <  f,  and  if  u(0 , x)  =  uQ ( x) ,  0  <  x  <  7 ,  is  the  qiven  initial 
temperature  distribution,  the  law  of  balance  of  heat  (t^  =  -div  a  +  h)  shows  that  in  one 
space  dimension  the  temperature  u  satisfies  the  initial-boundary  value  problem 

t—  [bn  +  B*u]  =  c_o(u  )  -  >*o(u  )  +  h  (0<t<°°,  0<x<1) 

(4.3)  (  3t  °  0  XX 

’  u( 0 , x )  -  uQ(x)  (0  <  X  <  1),  U(t,0)  =  u(t,1)  =0  (t  >  0)  , 

where  subscripts  denote  differentiation  with  respect  to  x.  Note  that  in  an  ordinary 
matei ial  £  =  Y  =0,  and  (4.3)  becomes  the  nonlinear  diffusion  equation  in  one  space 
dimension. 

The  next  task  is  to  transform  (4.3)  to  the  equivalent  form  (V)  which  will  be  used  for 
the  analysis.  Define 

t 

(4.4)  r<t)  *  c  -  ,  Y(T)dT  (0  s  t  <  ®)  , 

n 

t 

(4.6)  r*(t,x)=b^u^{x)-»-;  hfl,x)dt  (Dvt<*,0<x<1). 

0 


Notina  that 


mr  (C*o(u  )  )<t,x)  =  c  d  ( u  { t ,  x ) )  -  (y*o(u  )  )(t,x)  , 

dt  XX  u  X  X  XX 

and  intearatina  (4.3)  using  the  initial  condition,  and  (4.5)  yields  the  eouivaler- 
equation  (to  (4.3)): 


(4.6)  u(t,x)  4  (B*u)(t,x)  =  (C*o(  u  )  )(t,x)  +  G  ( t ,  x )  (0  <  t  <  ®,  C  <  x  <  1  )  , 

0  xx 

where  u  satisfies  the  boundary  conditions  u(t,0)  *  u(t,1)  =  0  (t  >  0).  Lettino 
A  =  3V*  be  the  nonlinear  operator  defined  in  Example  3.6  under  assumptions  (o)  ,  the 
equation  (4.6)  has  the  abstract  form 

<v,> 


bQu  +  B*u  +  C*Au  »  G  (0  i  t  <  “)  , 


where  v  :  H  4  {-<»,«]  is  the  specific  proper,  convex,  l.s.c.  function  defined  in  Example 
3.6  on  H  =  L2(0,1).  To  transform  (V1 )  to  the  equivalent  form  (V)  define  p  :  [0,®)  -*•  F 


to  be  the  unique  solution  of  the  linear  Volterra  equation  (called  resolvent  kernel  of  p  ) 

B(t) 

b.p(t)  +  (6*p)(t)  =  -  -T— 

0  brt 


(P) 


(0  4  t  <  ») 


It  is  standard  that  if  b  >  0  and  8  e  L,  [0,°°),  equation  (p)  has  a  uniaue  solution 
0  loc 

p  c  l]  (0,®).  Applying  the  variation  of  constants  formula  for  Volterra  eauations  [13' 
loc 

(b  y  4  e*y  =  a  <==>  y  -  +  P*g) 

0 

finally  yields  that  (V1 )  is  eauivalent  to  (V)  with  the  definitions 

(b)  b(t)  =  +  (p*C)(t)  <0  <  t  <  -) 

bo 


' f ) 


f(t)  =  — -+  (p*G)(t,-) 

ho 


(''  *  t  <  “) 


Similar  considerations  show  that  for  heat  flow  in  a  bounded  homoaeneous  body  i.  of 

2  3 

isotropic  material  with  memory  in  R  or  R  with  a  smooth  boundary  T,  the 

temperature  u  will  also  satisfy  the  abstract  Volterra  eouation  (V)  with  the  kernel  h 

and  forcincr  term  f  aiven  exactly  as  above,  but  with  the  nonlinear  operator  A  =  ?  _• 

-> 

defined  as  in  Fxample  3.7  with  H  =  L*"(ii). 


We  next  comment  on  the  significance  of  the  assumptions  concernin'”  £ /  Y  as  well  as 

(PW)  and  (Y)*  Since  the  relaxation  functions  0  and  Y  are  generally  taken  as  decayin': 

exponentials  with  positive  coefficients  in  the  physical  literature,  it  is  certainly 

reasonable  to  assume  that  0,Y  €  lVo,®)  and  that  6(0)  >  0,  Y(0)  >  0.  We  next  motivate 

t 

the  assumption  that  b  +  B(T)dT  >  0  (0  <  t  <  ®).  A  similar  reasoning  motivates 

t  0 

c  -  YCOdT  >0  (0  s  t  <  ®).  Consider  the  internal  energy  e  defined  by  (4.1)  and 

0  0 

suppose  that  the  temperature  u  is  maintained  at  zero  up  to  time  and  at  a  state 

u(x)>0  ( 0  <  x  <  1 )  for  t  >  t^.  One  would  then  expect  the  internal  eneroy  to  be 

positive  for  t  >  If  the  function  0  is  positive  for  t  >  0  this  is  automatically 

the  case.  However  if  not,  the  assumption  b^  ♦  J  0  { i )  dT  >0  (0  ^  t  <  00 )  is  natural  in 

0 

view  of  the  fact  that  in  this  situation 


e(t,x)  =  Uj ( x) ( bg  ♦  ,  0(T)dT)  (tQ  <  t  <  ®)  . 

t0 

Since  £  e  equation  (4.1)  shows  that  c  is  bounded  whenever  u  is 

03 

bounded.  The  assumption  (PW)  implies  that  b  ♦  /  0(t)dt  >  0  (take  n  =  0);  thus  if 

0 

u ( x , t )  tends  to  an  equilibrium  state  u(x)  >0  as  t  ♦  *,  (4.1)  implies  that  the 

corresponding  limitina  internal  energy  e(x)  >0  as  is  to  be  expected.  For  physical 
reasons  it  is  also  to  be  expected  that  if  e  is  bounded  the  temperature  should  be 
bounded.  Applyinq  variations  of  constants  formula  to  (4.1)  yields 

u(t,x)  «  c  v1*-1  +  (p*c)(t,x)  (0  <  t  <  “,  0  <  X  <  1)  , 


where  p  is  the  resolvent  kernel  of  6  defined  by  eauation  (p).  Thus  to  h^ve  u  bounded 

whenever  e  is  bounded  it  is  sufficient  to  reauire  that  p  e  l\o,®).  Put  by  the  Palev- 

1  1 

Wiener  theorem  [16]  applied  to  equation  (p),  0  e  L  (0,®)  implies  that  p  c  L  (0,®)  if 


and  only  if 


bn  ♦  0(z)  *  0  for  Re  z  >  0  . 


The  condition  (PW)  now  results  from  takino  the  real  part  of  this  expression,  notina  that 


I 


fcr  physical  reasons  one  wants  hp  *■  r(f)  >  V ,  and  arouma  as  in  the  ^rcof  of  Lemma  2,2, 

To  motivate  assumption  (>')  suppose  that  u(t,x)  ♦  u(x>  as  t  ♦  00  an'-?  tKat 

— ■  <2  u  ' 

—  u  ( x '  >  0.  ir.pl  vina  that  o  —  >  h.  One  then,  expects  that  the  1  ir.it  ina  heat  flux 
ix  ^  dx ' 

o(x)  in  equation  (4.2)  is  strictly  negative,  if  the  process  hei no  modelled  represents 
"forward"  heat  flow;  condition  (Y)  insures  that  this  is  the  case. 

In  order  to  apply  the  theory  of  Section  3  to  the  Volterra  eouation  (Vi  with  the 
kernel  b  and  forcina  function  f  defined  by  eauations  (b)  and  (f)  respectively,  we  rust 
impose  some  additional  technical  assumptions  on  the  functions  0,  Y ,  un(x),  and  h  in 
order  that  the  assumptions  of  Theorems  3.1  and  3.2  are  satisfied.  Our  main  result  is 
Theorem  4.7  below. 

First,  concerning  the  kernel  b  defined  by  (b)  we  have  the  followina  simple  result 
which  insures  that  b  satisfies  assumption  (H^);  its  elementary  proof  is  omitted. 

Lemma  4.1.  Let  b^  >  0,  cQ  >  0,  0,  Y ,  t0 ,  tY  e  and  let  assumptions  (PW) 

and  ( Y )  be  satisfied.  Define 


CQ  -  J  Y(t)dt 

(4.7)  - 

b n  +  /  8  ( t )  dt 


(4.8)  B  ( t )  =  +  (p*C)(t)  -  , 


where  Cft)  =  -  j  Y(T)dT,  and  p  is  the  resolvent  of  6  uniquely  defined  by 

°  1 

equation  (p).  Then  b—  >  0  and  B ,  B  ’  f  L  (0,»),  and  b(t)  =  bm  +  B(t)  satisfies  (H^) 
c  cQ 

with  b  ( 0  )  *  rr  >  0,  P(0)  =  - - b  >  0. 

—  bo  bn 

The  next  elementary  result  aives  sufficient  conditions  in  order  that  the  forcina 

function  f  in  (V)  defined  by  equation  (f)  satisfies  assumption  (H^). 

2  1  1^2 
Lemma  4.2.  Let  H  =  L  (0,1)  and  uQ  e  Hn(0,1).  Let  0  e  L  (0,«)  (0,«)  and  let 

assumption  (PW)  be  satisfied.  Finally,  assume  that 


-2*- 


t*  H 


Then  the  funct  ior.  f  :  *  P  f  *  )  *  t  n  ,  1  i  ■*  H ,  •  -  •  ■  v  eg' :  i  »  \  o*~.  ?•  *  ,  '  ■  ,  wv  e  r  e  :  c 

1  2  1 

resolvent  of  ;  ,  satisfies  ft  w  '  (  r  ,v '  a::-?  f  (fl,x!  -  n  '  x  J  *  h  ^  *  ,  1  :  •  Moreover  . 

f(t,x)  =  f^'x)  *  r { t # x )  r  s  t  <  *,  n  <  x  <  i'  , 


where 

(4.9) 


tjx)  =  (b^u^fx) 


*  n 


F(t,x)  =  Gl  h  *  ■■  +  (|.*G)(t,X)  -  f  (X)  -  -  ~  Hl.Kliil 

b  «  b 

0  0  t 

(4.10) 

r  00  ou  CU 

-  r  p  ( t-  s )  [  h  (  T  ,  x ) dTds  -  ■  p  (  T  )  di  {  b^  (  x )  ♦  h  (  T  ,  x  1  dT  )  , 

Os  t  0 

and  ~  i  L2(0,«°;H).  If  in  addition  tP  <  L^O,®)  and  th  (  L*(0#«;H),  then  F  <  L‘(0,«;H). 

Sketch  of  Proof  of  Lemma  4.2.  The  assumptions  f  t  lVo,®)  and  ( PW ) ,  toaether  with 

the  Pa ley-wiener  theorem  (16} ,  applied  to  the  resolvent  equation  (p)  imply  that 

1  2  1 
P  t  L  (0,®).  But  then  the  assumption  |3  t  L  (0,®)  and  the  fact  that  p  <  L  (0,®)  imply 

that  also  p  c  L2(0,®)  from  the  resolvent  equation.  These  facts  combined  with  the 

definition  of  f  in  (f)  and  assumption  (h)  yield  the  formulae  (4.9)  for  and  (4.10) 

for  F  qiven  in  the  statement  as  well  as  f  <  W^^(0,«;H).  From  formula  (4.10)  one  easily 


proves  that 

(4.11)  ( t ,  x )  -  h  ( t ,  x )  +  bu(x)p(t)  +  ( p  *  h )  ( t ,  x  )  (0  *  t  <  ® ,  0  <  x  <  1)  ; 

dt  bn  00 


then  -r-  i  L^(0.®?H)  follows  from  h  <  ( 0 , ® 7 H )  and  p  c  L  (0,®)  L2(0,®).  Finally, 

at 

(PW)  and  t£  f  l\o,®),  toqether  with  p  1  L^fO,®)  imply  that  tp  <  L 1  ( 0 ,  ® )  from  the 

resolvent  equation.  This,  toqether  with  the  assumption  th  r  L  (0,«)  and  routine 

2 

estimates  applied  to  the  formula  (4.10)  yield  F  (  I,  (0,®;h).  This  oomplet-ep  the  proof. 

In  order  to  apply  Theorems  3.1  and  1.2  to  the  physical  problem  of  heat  flow  it  remains 
to  verify  tht  the  assumptions  (H,)  and  the  coercivity  assumptions  are  satisfied.  As  we 
have  seen  in  Fxample  3.6  in  the  case  of  one  space  dimension  (or  Fxampl»  3.7  m  the  case  of 


two  or  three  space  dimensions)#  assumptions  (c)  (or  (X)  in  the  multidimensional  case 

that  the  function  »  of  Example  3.6  (or  Example  3.7)  convex,  l.s.c.,  proper  and  satisfi 

*(y)  >  0,  v(y)  -►  00  as  !y|  ♦  00 ,  Inf  *(y)  =  0,  and  the  inclusion  S»(w)  3  P  has  w  = 

yt  H 

as  the  only  solution;  thus  the  assumptions  concerning  >  in  Theorem  3.1  are  satisfied. 
Moreover  A  =  o*'  satisfies  the  coercivitv  assumption  (2.4)  of  Theorem  3.2  for  ever;, 

T  >  0. 

It  remains  to  show  that  the  frequency  domain  assumption  (F)  of  Lemma  2.2  can  h** 
satisfied  for  physically  reasonable  classes  of  relaxation  functions  p,  y.  In  this 
direction  we  have: 

Lemma  4.3.  Let  ,  cQ ,  8  ,  y  satisfy  the  assumptions  of  Lemma  4.1.  Define  the  kernel 

b  _in  (V)  by  equation  (b).  Then  the  frequency  domain  assumption  (F)  of  Lemma  2.2  is 
equivalent  to  the  condition:  there  exists  6  >  0  such  that 

(c  -  Rey(in))(b  +  Re6(in))  -  Inry  {  in  )  Im8  (  in  ) 

(4.12)  Inf  - 7 - r -  >  6  . 

(n«R)  |bQ  +  6(in) f 

Proof  of  Lemma  4.3.  Define  the  constant  >  0  by  (4.7)  and  the  function  B  by 

(4.8)  (see  Lemma  4.1).  Taking  the  Laplace  transform  of  B  one  computes 

*  c  -  y(ir) 

B (  in )  - ( - - - "  b«  (n  e  R)  . 

n  bQ  +  6 (in) 

Thus 

c  -  -y  (in) 

b  -  n  Im  B(in)  ■  Fe(— - ; - 1  (n  c  F)  , 

bn  +  B(in) 

from  which  the  condition  (4.12)  is  an  immediate  consequence. 

Using  Lemma  4.3  one  can  construct  a  large  number  of  examples  of  functions  ?  and 
such  that  assumption  (F)  is  satisfied.  In  particular  one  has  the  following  physically 
important  special  cases.  Note  that  in  Corollaries  4.4  and  4.6  below  the  physical 


t  t 

conditions  bQ  ♦  ’  B(r)dT  >  0  (0  <  t  <  ®),  c -  /  y(T.d?  >  0  (Q  <  t  <  ®)  are  both 

0  0 

satisfied  (although  they  are  not  explicitly  needed  in  the  theory),  because  the  functions 
6  and  y  are  positive,  and  assumption  (y)  is  assumed  to  hold.  For  a  different  example 
in  which  (y)  is  satisfied  but  the  above  physical  conditions  need  not  hold  see  Remark  4.10 


Corollary  4.4.  Let  bQ  >  0,  cQ  >  0  and  6,  y,  tB,  ty  f  L  (0,®).  Also  assume  that  6  and 

y  are  positive,  non  increasing  and  convex  on  [O,00),  and  that  the  as-^.r  Mon  (y)  is 

satisfied.  Then  assumption  { f )  is  satisfied  if  either  for  a  fixed  b^  >  0  the  constant 

Cq  >  0  is  chosen  sufficiently  large,  or  if  for  a  fixed  c^  >  0  the  constant  b^  >  0  i s 

sufficiently  large. 

Remark  4.5.  (i)  If  B  *  y  =  0  (the  standard  heat  flow  problem)  (F)  is  satisfied  for  any 

b 

choice  of  b_  >  0 ,  c_  >  0  with  6  *  — . 

0  0  c0 

(ii)  If  6=0  and  y  satisfies  the  assumptions  of  Corollary  4.4,  (F)  is  satisfied 


for  any  choice  of  bQ  >  0,  cQ  >  0  with  6 


cQ  -  /  y(t)dt 
_ o _ 

b„ 


(iii)  If  y  =  0  and  B  satisfies  the  assumptions  of  Corollary  4.4,  (F)  is  satisfied 
for  any  choice  of  bQ  >  0,  cQ  >  0. 

Sketch  of  Proof  of  Corollary  4.4.  The  proof  will  make  use  of  Lemma  4.3;  we  establish 
(4.12).  Since  B,y  c  L^(0,~)  and  are  positive,  nonincreasing  and  convex.  Re  8 (in)  and 
Re  y ( in)  are  nonnegative.  The  function 


Imy ( in ) ImB ( in )  *  /  y(t)sin  ntdt  /  B(t)sin  ntdt 
0  0 


(n  €  r) 


is  even,  continuous,  zero  when  n  *  0,  nonnegative,  and  has  limit  zero  as  n 
( Riemann-Lebesgue  lemma).  The  denominator  in  (4.12)  satisfies 


0  <  b0  ‘  ,b0  *  <  2bo  +  3(/ 

0 


Moreover, 


r  »  Rer'U")  >  bn  >  0  (r.  f  R1  , 

(so  that  ( FK)  is  satisfied!,  and 


cn  -  Rev(i-)  >  cn  -  '  Y<t)dt  >  h  (n  ,  r)  . 

n 

Therefore,  the  existence  of  5  >  ft  such  that  (4.12)  holds  is  established  eor  choices  of 
and  c«  as  asserted.  This  completes  the  proof. 

Another  physically  important  case  for  the  heat  flow  problem  is  the  fnllowinq  special 
case  of  Lemma  4.3  and  Corollary  4.4. 

Corollary  4.6.  Let 


(4.13) 


n  -g  t 

6 ( t )  =  L  be  (0  <  t  <  »)  , 

k=1  * 

m  -Y  t 

y(t)  =  l  ce  (0  <  t  <  -) 

k»i 


with  by  >  0,  By  >  0,  >  0,  Yy  >  0  and  strict  inequalities  hold  for  at  least  one  pair 

m  ck 

by.,  ek  and  one  pair  Cy ,  Yy.  Let  bg  >  0,  cQ  >  0,  and  c0  ~  1  —  >  0.  Then  the 

'  k=1  ^k 

frequency  domain  condition  ( F )  is  satisfied  if 


(4.14) 


w  f  _  \  k  i 

b0^  0  L  Y  ' 

k=1  'k 


> !  n  ^j(  i 

k=  1  k  k=  1  k 


The  proof  of  Corollary  4.6  is  a  consequence  of  showing  that  there  exists  a  6  >  0 
such  that  (4.12)  holds.  The  inequality  (4.14)  follows  by  using  elementary  calculus  to  find 
the  infimum  over  n  *  R  of  the  expression  in  (4.12): 


'  0  “  L  i  2nb0  L  2  2 

k-1  y  *  n  k- 1  B  +  n 

k  k 


bk8k  ,  2.  r 

;  “  i  i  l 


k-1  Yy  *  r2'  k-1  By  +  r\2> 


(b0  +  L 


\  ,2 

J 


b  ri  2 

k 


2  2 

k-1  +  n 


L _  2  2J 

k-1  e.  ♦  n 

k 


-30- 


No  claim  is  made  that  the  constant  —  in  (4.14)  is  optimal. 

4 

\<e  now  combine  Lemmas  4. 1-4.3,  and  Corollaries  4.4  and  4.5  with  the  abstract  theory  to 
establish  the  followina  result  for  the  physical  heat  flow  problem  (4.3)  in  a  one¬ 
dimensional  material  with  memory.  To  see  that  a  more  aeneral  result  (not  necessarilv 

physical)  with  c  and  y  oscillatory  can  hold  we  refer  to  Remark  4.10  below. 

1  2 

Theorem  4.7.  Let  b^  >  0,  c^  >  0,  let  3,  y,  t3,  ty  e  L  (O,00)  and  let  p.  (  L  (0,°°). 
Assume  that  3  and  y  are  positive,  nondecreasing,  convex,  and  that 

(y )  C  -  /  Y(t)dt  >  0  . 

0 

Assume  that  c  :  R  +  R  satisfies  assumptions  (a)  of  Example  3.6,  that  the  initial 

1  12 
temperature  uQ  €  H^(0,1),  and  that  the  external  heat  supply  h  e  L  (0,®;H)  ^  L  (0,®;H), 

where  H  =  L2(0,1).  Then  the  heat  flow  problem  (4.3)  has  a  unique  strong  solution  u  oji 

3u  2 

(0,°°)  x  (0,1)  such  that  f  L.  Moreover ,  if  either  for  a  fixed  b„  >  0,  the 

*  at  1  oc  *r-ri  1  " 1  0 

constant  c^  >  0  is  sufficiently  large,  or  for  a  fixed  c^  >  0,  the  constant  b^  >  0  is 

sufficiently  large,  then  the  solution  u  has  the  properties: 

u  e  L°°(0,”;H)  °  L2(0,«;H),  4^  f  L2(0,»;H)  , 

dt 

and  lim  u(t)  =  0  strongly  in  H. 

t  >°0 

Remark  4,8.  For  heat  flow  in  more  than  one  space  dimension  let  ft  be  a  bounded  body  in 
2  3 

r  or  R  with  smooth  boundary  T.  Then  the  temperature  u  satisfies  an  ecruation  of  the 
form  (4.3)  with  the  operator  -olu^)^  replaced  by  -V • (X | Vu I ) Vu) ;  the  boundary  condition 
is  u(t,x)  =  0  (0  *»  t  <°°,  x  €  T),  and  the  initial  condition  is  u(0,x)  =  Ug(x) 

(x  €  ft).  If  H  is  the  Hilbert  space  L  (ft),  if  the  function  X  :  R  -*•  R  satisfies 

1  12 

assumptions  (X)  of  Example  3.7,  if  u^(x)  €  and  h  e  L  (0,®;H)  n  L  (0,°°;H),  then 

the  results  of  Theorem  4.7  holds,  provided  the  constants  bQ  >  0,  >  0  and  the 

relaxation  functions  3  and  y  satisfy  the  assumptions  stated  in  Theorem  4.7. 


•31“ 


Remark  4.9.  Let 


n  -6  t 

8  ( t )  ■=  J  be  (0  <  t  <  “) 

k=1  k 

™  -Ykfc 

Y  ( t )  =  ;  c,  e  ( 0  <  t  <  “ )  , 

k=1  k 

where  b,  >  0 ,  B.  >  0,  c,  >  0,  y.  *  0  and  strict  inecualities  hold  for  at  least  one  pair 
k  k  k  k 

m  ck 

b^,  5^  and  one  pair  ck  ,  •  Let  bQ  >  0,  cQ  >  0,  and  cQ  -  c  - —  >0.  Let  z ,  u, , 

k=1  Tk 

satisfy  the  assumptions  of  Theorem  4.7.  Then  by  Corollary  4.6  all  conclusions  of  Theorem 

4.7  if  the  inequality  (4.14)  is  satisfied. 

Proof  of  Theorem  4.7.  Under  the  assumptions  of  the  theorem  the  heat  flow  probler 

(4.3)  is  equivalent  to  the  abstract  Volterra  equation  (V)  with  the  kernel  b  giver,  by 

equations  (b),  (p),  and  (4.4),  the  forcing  term  given  by  equations  (f),  ( p ) ,  and  (4.5),  a 

the  operator  A  =  3  ^  when  v'  :  H  (-«,«]  is  the  proper,  convex,  l.s.c.  function  define 

in  Example  3.6  (or  Example  3.7  in  more  than  one  space  dimension).  To  establish  the 

existence  and  uniqueness  of  a  strong  solution  of  (V)  (equivalent  to  (4.3)),  we  apply 

Proposition  1.2.  Lemma  4.2  shows  that  the  assumptions  of  Proposition  1.2  concernina  f 

are  satisfied  with  f(0,x)  =  uQ(x)  c  H^(0,1)  =  D«)  (see  Example  3.6).  Example  3.6  also 

shows  that  (H^)  is  satisfied.  Lemma  4.1  shows  that  assumptions  (Hfa)  are  satisfied.  Thus 

to  apply  Proposition  1.2  we  must  still  verify  that  B'  e  BV,  (0,®).  From  (4.8)  and  (4.4 

loc 

we  compute 

(4.15)  P'(t)  =  -  1  +  c^plt)  -  (Y*p)(t)  (0  4  t  <  «)  . 

Since  S  is  monotone  by  hypothesis,  the  resolvent  equation  (p)  and  a  standard  araument 

(see  e.g.  Bellman  and  Cooke  (2J)  show  that  p  is  monotone.  Finally,  since  Y  is 

monotone,  it  follows  that  B'  e  BV[0,«).  Thus  Proposition  1.2  yields  the  existence  and 

uniqueness  of  a  strono  solution  u  of  (V)  on  [0,»)  such  that  u'  e  L2  i(i,”;M). 

loc  ' 

We  shall  next  apply  Theorem  3.1.  Concerning  the  kernel  b  Lemma  4.1  shows  that 
assumptions  (H^)  are  satisfied  with  b^  >  0.  Moreover,  Corollary  4.4  shows  that  h 
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satisfies  the  frequency  domain  condition  (F)  if  bQ  and  cQ  are  chosen  as  in  the  statement 
of  Theorem  4.7. 

Example  3.6  (or  3.7  in  the  case  of  more  than  one  dimension)  shows  that  assumptions 
tc),  .' ( y )  >  0  (ye  H),  lim  >^(y)  =*  +°°  hold,  and  that  the  inclusion  3v(w)  ?  0  has 

\y\*°° 

w  =  0  as  the  only  solution.  Lemma  4.2  shows  that  assumptions  (H^)  are  satisfied. 

There "ore,  by  Theorem  3.1  the  solution  u  has  the  properties: 

du  2 

sup  v  ( u  ( t ) )  <  sup  I  u  ( t )  I  <  —  e  L  (0,°°),  u  ( t )  is  uniformly 

0*t<°°  0<t<® 

continuous  on  [O,00). 

lim  v ( u( t ) )  =  0,  and  u(t)  — *  0  as  t  ♦  “  . 

t+cc 

Example  3.6  also  shows  that  under  assumption  (o)  the  coercivity  assumption  (2.4)  is 

2 

satisfied  for  every  T  >  0  with  c  =  p^tt  >0  (or  another  positive  constant  in  the  case 

of  two  space  dimensions  -  see  Example  3.7).  Therefore,  by  Theorem  3.2  one  also  has 
2 

u  (  L  ( 0  ,°° ;  H  )  and  u(t)  0  as  t  ♦  00  strongly  in  H.  This  completes  the  proof. 

Remark  4.10.  Suppose 


-Si 

3(t)  =  b^e  cosXt 

<V6i 

>  0 

'V 

Y(t)  =  c^e  cosuit 

<VYi 

>  0 

0  <  t  <  «) 

0  <  t  <  «)  , 


and  assume  that  >  0,  cQ  >  0.  Also  suppose  that  o  and 
Theorem  4.7.  Although  the  assumptions  concerning  6 ,  Y  in 
one  still  has  by  Lemma  4.1  that  assumptions  (H^)  hold  with 


(y) 


Y ,  +  u> 


>  0 


h  satisfy  the  assumptions  of 
Theorem  4.7  are  not  satisfied, 
b^  >  0  provided 


Moreover,  B*  c  BV,  [0,*») 
loc 

solution  of  (V)  (equivalent 
1*2.  Thus  to  obtain  all  of 


from  (4.15),  and  the  existence  and  unioueness  of  a  strona 
to  (4.3))  such  that  u'  f  Lt  follows  from  Proposition 

1  C  1 

the  conclusions  of  Theorem  4.7  need  only  verify  that  t^e 
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to  bound  Re  [  ir.k(  ir  )  *  away  fror  zero,  ever:  if 


h  }r.  ot.roro;  /  or, 


M/.-n  • 


Appendix  1 


Proof  of  Lemma  2»2:  (a)  Consider  the  resolvent  equation  (k)  of  B'.  Since 

B '  t  1.^(0, ®)  Paley-Wiener  theorem  [16]  yields  that  k  e  l\o,°°)  if  and  only  if 
P(z)  =  b( 0 )  +  B * ( z )  =  b^  +  zB(z)  *  0  (Re  z  >  0)  . 

With  z  =  x  +  iy 

KeP(z)  *  b  +  x  Re  B  ( z )  ^  y  ImE(z)  (  x  >  0) 

InP(z)  =  xIrrF(z)+vReB(z)  (  x  >  0  )  . 

Since  P(z)  is  analytic  in  Re  z  >  0  and  continuous  in  Re  z  *  0,  Re  P(z)  and  In 

P(z)  are  harmonic  for  x  >  0.  Hence  by  the  maximum  principle  for  harmonic  functions, 

P(7)  *  0  for  x  ^  n  if  either  Re  P(iy)  =  h^  -  y  Im  B(iy),  or  Im  P(iy)  =  y  Re  P(iy) 

are  different  from  zero  for  <  y  <  00 .  But  by  the  frequency  domain  condition  (  F ) 

Re  p(iy)  >  0  for  -«>  <  y  <  °°,  and  thus  k  (  l\o,°°). 

1  2  1 

(b)  Since  B '  <  L  (0,®)  -  L  (0,«>)  and  k  f  I.  (0,°°),  one  has 

2  2 

B*  *  k  =  k  *  B1  t  l  (O,™),  and  the  result  k  c  L  (0,°®)  follows  by  inspection  of  equation 
(k),  If  also  B"  e  L  (0,«),  then  B'  c  C[0,<*>)  (so  that  |p'(0)l  <  *)  and  we  may 
differentiate  (k)  to  obtain 

B  ’*  (  t  ) 

b(0  )  k  '  ( t )  ♦  B'(0)k(t)  +  {  B "  *  k  )  ( t )  -  -  b("y  (0  <  t  <  «)  , 

and  clearly  k’  <  L^(0,<»). 

(c)  If,  as  is  the  case  here  k'  (  L  (A,*®),  the  enerqy  inequality  in  (c)  is  derived 
by  the  following  simple  arqument  (see  the  method  of  (14,  Theorem  1]).  Extend  k'  evenly 
for  t  <  0,  and  let 

[  w(t)  if  t  «  !n,T) 

vt}  *  i 

\  h  otherwi se  . 

Then 
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frequency  domain  assumption  (F)  holds  in  order  to  apply  Theorems  3.1  and  3.1.  Fv  I » — h 

it  suffices  to  find  sufficient  conditions  on  the  constants  b„ ,  Cj ,  h , ,  f1<  c,,  '•  t  , 

so  that  (4.12)  holds.  An  elementary,  but  tedious  calculation  shows  that  :  >  C  sue':  t  - 

2  2  2  2 

(4.12)  holds  exists  in  the  case  t  >  ~  ,  i  y  >  •*,  provided  assumption  ( t)  above  hr I  is 
and  provided  >  0  is  chosen  sufficiently  lane. 

While  no  claim  is  made  here  that  the  above  functions  r  arc  v  represent  physical 
plausible  relaxation  functions,  it  is  of  some  inter*  st  that  the  theory  car  still  be 
applied.  In  this  connection  it  may  also  be  roted  t^-at  -ere  tbe  function 

*  cr  i  “,it  ci*  **’  1* 

C(t)  =  c.  -  ,  Y  ( T  )  dt  =  c,  -  — - -  71  -  e  ccs.t  -  “q - -  e  sir.^.  . 

0  C  ■<"  +  J~ 

•  1  1 

In  a  genuinely  physical  problem  as  motivated  above  one  would  need  to  reouire 
C(t)  >0  (0  <  t  <  °°) ,  as  well  as  assumption  (>i.  However,  m  the  abdication  of  the 
theory  the  physical  requirement  C(t)  >  C  ( ?  <  t  <  * '  is  not  used  ar.d  indeed,  for 
example , 


could  be  negative,  ever.  tuoucrw 


1 


(d)  Multiply  equation  (k)  by  /t: 


b{0 )/t  k(t)  +  /t  (B'*k)(t) 


/t  B ' ( t ) 
b  ( 0 ) 


(0  <  t  <  ») 


An  elementary  calculation  involving  »'t(Bl*k)  shows  that  / 1  k  satisfies 


b(0)/t  k ( t)  +  /  B'(t  -  tlA  k(t)dt  = 
0 


/t  B ' ( t ) 
b  ( 0  > 


J  (/t  -  /t )B' (t  -  T )k(T )dt 
0 


(0  <  t  <  ■»>  . 


Since  Jt  -  /t  <  Jt  -  t  for  0  <  T  <  t,  and  since  also  / 1  B'  e  I>^(0,®)  by  assumption 
and  k  f  L 1 ( 0 , “ )  by  (a),  the  integral  on  the  right  side  of  the  last  equation  defines  a 

function  in  lVo,®).  Then  i^t  k  e  l'(0,“)  by  the  argument  of  part  (a).  The  additional 

_  2 

assumptions  and  elementary  estimates  also  yield  /t  k  e  L  (0,®). 

Finally,  differentiating  the  equation  (k)  as  in  part  (b)#  multiplying  the  resultina 
equation  by  /t,  and  using  elementary  estimates  yields  /t  k*  f  L^O,®).  This  completes 
the  proof  of  Lemma  2.2. 
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